A (D; g)-cage is a graph having the minimum number of vertices, with degree set D and girth g. Denote by f(D; g) the number of vertices in a (D; g)-cage. In this paper it is shown that f({r; m}; 6) ¿ 2(rm − m + 1) for any 2 6 r ¡ m, and f({r; m}; 6) = 2(rm − m + 1) if either (i) 2 6 r 6 5 and r ¡ m or (ii) m − 1 is a prime power and 2 6 r ¡ m. Upon these results, it is conjectured that f({r; m}; 6) = 2(rm − m + 1) for any r with 2 6 r ¡ m.
Introduction
A (v; g)-cage is a graph having the minimum number of vertices, with valence v and girth g. The existence of (v; g)-cages was proved by Erd os and Sachs in the early of 1960s [4] . A (D; g)-cage is a graph which has the minimum number of vertices, with degree set D and girth g. It is obvious that the (v; g)-cage is a special case of the (D; g)-cage when D = {v}. Denote the number of vertices in the (v; g)-cage by f({v}; g), which has the following property.
Lemma 1 (Longyear [7] and Wong [8] ). If k = v − 1 is a prime power, f({v}; 6) = 2(k 2 + k + 1).
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The existence of (D; g)-cages has also been discussed in [1] . Denote the number of vertices in the (D; g)-cage by f(D; g), which has the following properties.
Lemma 2 (Downs et al. [3] ). If D = {a 1 ; : : : ; a k } with 26a 1 ¡ · · · ¡a k and g is a positive integer with g¿3, then f(D; g)¿f 0 (D; g), where
Lemma 3 (Wong [7] ). For any m¿3 and g¿3,
Given a (D; g)-cage with degree set D = {r; m} and girth g65, much e ort has been taken in the past decades. For girths 3 and 4, Chartrand et al. [1] have shown f(D; 3)=1+a k for D = {a 1 ; a 2 ; : : : ; a k } and f({r; m}; 4) =r+m for any r with 26r¡m. For girth 5, Downs et al. [3] have shown f({3; m}; 5) = 3m+1 for any m¿4, Limaye and Sarvate [5] have shown f({4; m}; 5) = 4m+1 for any even m¿6, we [8] have shown f({4; m}; 5) = 4m + 1 for any integer m¿5, f({5; m}; 5) = 5m + 1 for any m¿6. However, for the case where girth is 6, to the best of our knowledge, not much progress has been achieved.
In this paper, we deal with a (D; g)-cage where the degree set D is {r; m} and the girth is 6. Our major contribution is to give a new lower bound for f({r; m}; 6), which is shown to be tight if either (i) 26r65 and r¡m, or (ii) m − 1 is a prime power and 26r¡m.
The remainder of the paper is organized as follows. Section 2 provides the lower bound and upper bound for f({r; m}; 6), and Section 3 concludes the paper.
The bounds for f ({r; m}; 6)
Let u be a vertex in a graph, d(u) be the degree of u and N (u) be the set of neighboring vertices of u in the graph.
2.1. A lower bound for f({r; m}; 6) Following Lemma 2, it is easy to derive f({r; m}; 6)¿1 + mr + (r − 1)
2 . In the following we improve this lower bound by Theorem 1. Proof. Let H r; m be a graph with degree set D = {r; m} and girth 6. For a given vertex u ∈ V (H r; m ) with d(u) = m, we distinguish its neighboring vertices into two cases: (1) there is a vertex w ∈ N (u) with d(w) = m; (2) d(w) = r for every vertex w ∈ N (u). We deal with Case 1 ÿrst.
Case 1 Since the girth of H r; m is 6, we have
Therefore, we have
We then proceed Case 2. 
Then,
Consider the degree of a vertex w ∈ N u ; it can be classiÿed into two subcases: either (2.1) d(w) = r for all w ∈ N u , or (2.2) there is a vertex w with d(w) = m. We have
Since the girth is 6, any of these x vertices and u 1 ; : : : ; u y do not have a common neighbor. Now, we consider the number of vertices in S m . If |S m | = s = 1 (see Fig. 1 ), then x6(m − y)(r − 1) 
An upper bound for f({r; m}; 6)
We now consider the upper bound of f({r; m}; 6), which is stated by the following theorem. Proof. By Lemma 1, we have f({m}; 6) = 2(k 2 + k + 1) = 2(m 2 − m + 1) for a (m; 6)-cage. Let H m be an (m; 6)-cage constructed in [7] . The 2(k 2 + k + 1) vertices in H m are arranged as in Fig. 2 The edges in graph H 4 are given by the following Following the above construction rules, the resulting graphs H 4 and G 3; 4 for r = 3 and m = 4 are shown in Fig. 3 .
Since G r; m has girth 6, degree set D = {r; m}, and |V (G r; m )| = 2(rm−m+1) vertices, we have f({r; m}; 6)62(rm−m+1) for a prime power m−1 and any r with 26r¡m. The theorem then follows.
We have already discussed the case where m − 1 is a prime power. However, if m − 1 is not a prime power, If is much harder to deal with. Here we only deal with the case for r65 through the construction of a (D; 6)-cage with a degree set D = {r; m}, r = 3; 4; 5 and m¿r. We have the following theorem. Proof. For m = 4; 5; 6, it is obvious that r = m−1 is a prime power, and f({r; m}; 6)6 2(rm − m + 1) by Theorem 3. For r = 3; 4; 5 and m¿7, a graph G r; m is constructed as follows.
Denote by e x; y an edge in G r; m between vertices v x and v y , 06x; y62(r − 1)m + 1. Then, V (G r; m ) = {v 0 ; v 1 ; : : : ; v 2(r−1)m+1 }; Following the above construction rules, the resulting graphs G 4; 7 and G 5; 7 for r = 4; 5 and m = 7 are shown in Fig. 4 . Since graph G r; m has a degree set D = {r; m}, girth 6 and |V (G r; m )| ( = 2(rm − m + 1)) vertices, we have f({r; m}; 6)62(rm − m + 1). The theorem then follows. 2.3. A tight bound for f({r; m}; 6) When r = 2, f({2; m}; 6) = 2m + 2 for any m¿2 by Lemma 3. Following Theorems 1-3 and Lemma 3, we have Theorem 4. f({r; m}; 6) = 2(rm−m+1), if either (i) 26r65 and r¡m, or (ii) m−1 is a prime power and 26r¡m.
Conclusions
In this paper, we have shown that f({r; m}; 6)¿2(rm − m + 1) for any r with 26r¡m, and f({r; m}; 6) = 2(rm − m + 1) if either (i) 26r65 and r¡m or (ii) m − 1 is a prime power and 26r¡m. Upon these results, we have the following conjecture.
